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We construct explicit examples of globally regular static, spherically symmetric solutions of general relativity
with a phantom scalar field as the source of gravity, describing traversable wormholes with flat asymptotic
regions on both sides of the throat as well as regular black holes, in particular, those called black universes.
To explain why such phantom fields are not observed under usual conditions, we invoke the concept of
“invisible ghosts,” which means that the phantom field decays quickly enough at infinity and is there too
weak to be observed. This approach leads to wormhole models in which the spherical radius is almost
constant in some range of the radial coordinate near the throat, forming a ”long throat”. We discuss the
peculiar features and difficulties of the stability problem for such configurations. It is shown that the limiting
case of a maximally long throat has the form of an unstable model with the Nariai metric. This allows us
to conjecture that a long throat does not stabilize wormholes with a scalar source.
1 Introduction
Phantom field configurations have gained much in-
terest since the discovery of the accelerated ex-
pansion of the Universe and its explanation in the
framework of general relativity (GR) by the exis-
tence of dark energy, a source of gravity of unknown
nature which can violate the standard energy con-
ditions, such that the pressure to density ratio is
w = p/ρ < −1. Numerous observations lead to es-
timates of w around −1, which corresponds to a
cosmological constant, but values smaller than −1
are still admissible and even preferable for describ-
ing an increasing acceleration. Thus, one of the
most recent estimates [1] reads w = −1.006±0.045.
If, following many authors, we accept the ex-
istence of phantom (or exotic) matter as a work-
ing hypothesis, it is natural to expect that there
exist its manifestations in local objects and phe-
nomena. The simplest of them can be described
by static, spherically symmetric solutions to the
Einstein-scalar equations where the scalar field has
an unusual sign of kinetic energy (a phantom scalar,
by definition). In the case of a massless scalar, the
corresponding solution [2] is a phantom analog of
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Fisher’s solution [3] for an ordinary minimally cou-
pled massless scalar field; the phantom-field solu-
tion [2] is sometimes called the anti-Fisher solution.
It is also known that if one admits the exis-
tence of exotic matter, for example, in the form of
phantom scalar fields, there emerge such configu-
rations of interest as wormholes [4–6] and regular
black holes [7, 8].
Since no exotic matter or phantom fields have
been detected under usual physical conditions, it is
desirable to avoid the emergence of such fields in an
asymptotic weak-field region, or at least to make
them decay there rapidly enough. Thus, it was
suggested [9] to use a special kind of fields, named
“trapped ghosts,” which have phantom properties
only in some restricted strong-field region and are
usual. canonical in other parts of space. A variety
of solutions with such fields have been obtained,
including regular black holes, black universes and
traversable wormholes [9–11]. In these models,
the kinetic energy density smoothly passes zero at
some scalar field value. Such transition points cre-
ate some problems with perturbation equations for
these fields [12], which need a separate study.
Another opportunity is to use phantom scalar
fields rapidly decaying in weak-field regions. In this
paper we will consider a field of this kind and show
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2that it leads to a wormhole solution with a very
slowly changing spherical radius in a neighborhood
of the throat, so that it makes sense to speak of a
wormhole with a “long throat”.3
Concerning the stability of such configurations,
it turns out that a long throat causes substantial
technical difficulties because the effective poten-
tial for the most dangerous perturbations, those
preserving spherical symmetry, has such a pole on
the throat that makes it very hard to consider
the perturbations of the throat radius. Mean-
while, it is this mode that makes unstable many
known wormhole and black universe solutions, as
shown in [14–16]. These papers used the so-called
S-transformation which regularizes the potential
only if its pole has the form 2/z2 +O(1) (in prop-
erly chosen variables) but fails when dealing with
other singularities that emerge in the case of a long
throat. We postpone a detailed discussion of the
stability of long-throat wormholes to future stud-
ies. Instead, we here consider, as a tentative prob-
lem, the stability properties of a configuration with
a constant spherical radius r(x), which may be
called a maximally long throat. It is not a wormhole
since there are no spatial asymptotic. The corre-
sponding static solution reduces to the well-known
Nariai metric [17] with a constant scalar field, and
we explicitly show that it is unstable under linear
perturbations. Therefore, one can speculate that a
slowly varying radius near a throat does not sta-
bilize a wormhole supported by a phantom scalar
field.
The paper is organized as follows. Section 2
presents the basic equations and some general ob-
servations. In Section 3 we obtain examples of
wormhole and regular black hole configurations.
Section 4 discusses the linear stability problem for
these solutions. Section 5 is devoted to stability
study for a limiting configuration with a “maxi-
mally long throat”.
3One can also mention an approach leading to configura-
tions called time-independent wormholes which, being con-
structed from the Schwarzschild-AdS metric, do not require
any exotic matter, see [13] and references therein; they are
related to the AdS-CFT correspondence and have peculiar
expressions for the entropy. However, such objects are not
wormholes in the terminology we are using: these are black
holes since they contain Killing horizons. These geometries
also contain what can be called anti-throats, i.e., local max-
ima of the spherical radius r .
2 Basic equations
We begin with the total action of GR with a scalar
field source
S =
1
2
∫ √−gd4x[R+2εgαβφ,αφ,β−2V (φ)], (1)
where R is the scalar curvature, ε = 1 for a normal
scalar field with positive kinetic energy, and ε = −1
for a phantom scalar field; g = det(gµν), and V (φ
a)
is a self-interaction potential. The field equations
may be written as
2ε∇µ∇µφ+ Vφ = 0, (2)
Rνµ = −2εφ,µφ,ν + δνµV (φ), (3)
and we use the units in which 8piG = 1 and c = 1.
Consider the general static, spherically sym-
metric metric
ds2 = A(x)dt2 − dx
2
A(x)
− r2(x)dΩ2, (4)
in terms of the so-called quasiglobal radial coor-
dinate x , such that g00g11 = −1; dΩ2 = (dθ2 +
sin2 θdϕ2) is the linear element on a unit sphere.
Equations (2) and (3) for the unknowns φ(x), A(x)
and r(x) take the form [18]
2(Ar2φ′)′ = r2εVφ, (5)
(A′r2)′ = −2r2V, (6)
r′′/r = −εφ′2, (7)
A(r2)′′ − r2A′′ = 2, (8)
− 1 +A′rr′ +Ar′2 = r2(εAφ′2 − V ), (9)
where the prime denotes d/dx , and Vφ = dV/dφ .
Equation (5) is the scalar field equation, the others
are components of (3), more specifically: (6) is the
component Rtt = . . . , (7) is the combination R
t
t −
Rxx = . . . , and (8) is R
t
t − Rθθ = . . . ; lastly, Eq. (9)
is the constraint equation for the Einstein tensor
component Gxx = . . . . Equations (5) and (9) follow
from Eqs. (6)–(8) with a given potential V (φ), so
the latter form a determined set of equations for
φ(x), r(x), A(x). Equation (8) can be integrated
giving
B′(x) ≡ (A/r2)′ = (6m− 2x)/r4, (10)
where B(x) ≡ A/r2 and m is an integration con-
stant equal to the Schwarzschild mass if the met-
ric (4) is asymptotically flat as x → ∞ (r ≈ x ,
3A = 1 − 2m/x + o(1/x)). If there is a flat asymp-
totic as x→ −∞ , the Schwarzschild mass there is
equal to −m (r ≈ |x| , A = 1 + 2m/|x|+ o(1/x).
Thus we have a general result: in any solution
with two flat asymptotic regions in the presence of
any potential V (φ) compatible with such behav-
ior, we inevitably have masses of opposite signs at
the two infinities. Such solutions might in principle
represent wormholes or regular black holes. In the
latter case, the function B(x) would have a mini-
mum at which B ≤ 0; it can be shown, however,
that the existence of such a minimum is incompat-
ible with Eq. (8) [19], therefore, if a solution to the
above equations is twice asymptotically flat, it can
only describe a wormhole.
3 Models with an invisible ghost
and a long throat
Equations (5)–(9) are hard to solve if a nonzero
potential V (φ) is specified. Instead, as in [7, 9–11,
18], we will use the inverse problem method to find
examples of interest: specifying the function r(x),
we can find all other unknowns, including V , from
the field equations: A(x) is found from (13), then
V (x) from (6), and φ(x) from (7).
Our interest is in nonsingular configurations
without a center, which can be wormholes or black
universes [7]. Hence we assume that the range of
x is x ∈ R , in which both A(x) and r(x) are
regular, r > 0 everywhere, and r → ∞ at both
ends. We also require r(x) ≈ |x| as x → ±∞ ,
which is in agreement with possible flat, de Sit-
ter or AdS asymptotic behaviors at large r . Thus
there must be a minimum of r(x) (say, at x = 0
without loss of generality), such that r(0) > 0,
r′(0) = 0, r′′(0) > 0. (It may happen that r′′ = 0
at a minimum of r but then inevitably r′′ > 0 in
its neighborhood). According to Eq. (7), this in-
evitably implies ε = −1, a phantom field, which is
a manifestation of the well-known necessity of vio-
lating the Null Energy Condition (NEC) in worm-
hole and other regular spherical configurations in
GR [18,20,21].
In our previous paper [12] we discussed a way to
explain why such phantom fields are not observed
under usual conditions by using the concept of “in-
visible ghosts,” which means that the phantom field
decays quickly enough at infinity and is there too
weak to be observed. We found in [12] some exam-
ples of wormhole and regular black-hole solutions
with and without an electromagnetic field and two
scalar fields, a long-range canonical one and a com-
paratively short-range phantom one. Here we try
to build similar models with a single phantom field.
To do so, that is, to achieve a sufficiently rapidly de-
caying scalar field energy density, we need rapidly
decaying quantities φ′ and hence, by Eq. (7), r′′/r .
We therefore replace the ansatz r = a(1 + x2)1/2
used in some previous papers (e.g., [7, 12]) with
r(x) = a(1 + x2n)1/(2n), n ∈ N, (11)
where a > 0 is an arbitrary constant equal to the
throat radius. In what follows, we put a = 1,
which means that lengths are expressed in units
of the throat radius; the quantities like B(x) and
V (x) with the dimension (length)−2 are expressed
in units of a−2 , while A(x) and φ(x), being dimen-
sionless, are insensitive to this assumption.
The value n = 1 returns us to the ansatz of
our previous papers [7,12,18,22]. With higher val-
ues of n , we obtain a new feature of the space-
time geometry: the spherical radius r(x) is chang-
ing quite slowly near the throat x = 0, which en-
ables us to call them models with a long throat.
Indeed, with (11) at large |x| we have r′′/r ≈
(2n−1)x−2n−2 , hence φ′ ∼ 1/xn+1 , which at large
enough n conforms to the “invisible ghost” con-
cept. On the other hand, at small |x| we obtain
r(x) ≈ 1 + x2n/(2n), corresponding to a “long
throat” if n > 1, see Fig. 1a.
Let us put m = 0, restricting ourselves to mass-
less wormholes. Then B′(x) (10) is an odd func-
tion:
B′(x) = − 2x
(x2n + 1)2/n
, (12)
whose integration gives
B(x) = −x2F
( 1
n
,
2
n
; 1 +
1
n
;−x2n
)
+B0, (13)
where B0 is an integration constant, and F (a, b; c, z)
is the Gaussian hypergeometric function. Assum-
ing asymptotic flatness at large positive x , since
B = A/r2 and A→ 1 at infinity, we require B → 0
as x→∞ and thus fix B0 as
B0 = lim
x→∞x
2F
( 1
n
,
2
n
; 1 +
1
n
;−x2n
)
(14)
Plot of B(x) and A(x) = Br2 for n = 4 are shown
in Fig. 1b,c. We see that it is a twice asymptoti-
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Figure 1: The long throat wormhole model: (a) r(x) for n = 4 (solid line, a long throat) and n = 1 (dot-dashed, a
“usual” throat); (b) B(x) and (c) A(x), both for n = 4.
cally flat (M-M) wormhole (where “M” stands for
Minkowski). Curiously, the behavior of A(x) shows
that there is a domain of repulsive gravity around
the throat.
Now we know the metric completely, and the
remaining quantities φ(x) and V (φ(x)) can be eas-
ily found from Eqs. (7) and (6), respectively. The
expression for the scalar field φ(x) for n = 4 is
(assuming φ(0) = 0)
φ(x) =
√
7
4
(signx) arctan(x4), (15)
see Fig. 2a. For the potential V (x) there is rather
a cumbersome expression in terms of hypergeomet-
ric functions, gamma functions and Legendre func-
tions, and we will not present it here. It is plotted
in Fig. 2b. Since V (x) is an even function, the plot
is restricted to x > 0.
More complicated models with various global
structures emerge if there is a nonzero Schwarzschild
mass m or/and, in addition to the scalar field,
there is an electromagnetic field with the corre-
sponding electric or magnetic charge. Examples
of such solutions, which include M-M, M-dS (de-
Sitter), M-AdS (anti de-Sitter) wormholes and reg-
ular black holes with up to four horizons, are pre-
sented in [7,10–12,22]. Since the global qualitative
features of the present field system are similar to
those described there, the same kinds of regular
solutions can be obtained in the present case using
the same methods. We will not analyze them here,
but, instead, briefly discuss the stability problem
in the case of long throats.
4 The stability problem in the
presence of a long throat
As is the case for any static configurations, a prob-
lem of importance is their stability or, more gen-
erally, the behavior of their perturbations. For in-
stance, certain systems can exist for quite a long
time even if they are unstable but decay very slowly.
On the other hand, the evolution of unstable sys-
tems can lead to many phenomena of interest, from
structure formation in the Universe to Supernova
explosions.
Small (linear) radial perturbations of scalar-
vacuum configurations with various potentials V (φ),
including wormholes and regular black holes, have
been studied in many papers, e.g., [14–16,23]. The
perturbations preserving spherical symmetry are,
on one hand, the simplest, and, on the other, the
most destructive ones, and have been shown to
lead to instabilities in many configurations with
self-gravitating scalar fields, including Fisher’s so-
lution [23] and solutions with throats including
wormholes [14–16]. Let us briefly recall the rel-
evant formalism, assuming that a certain static
solution is known (non necessarily one of those de-
scribed here) and considering its time-dependent
perturbations.
We begin with the general spherically symmet-
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Figure 2: The scalar field φ(x) (a) and the potential V (x) (b) for n = 4.
ric metric4
ds2 = e2γdt2 − e2αdu2 − e2βdΩ2 (16)
where α , β , γ are functions of the radial coordi-
nate u (not necessarily the quasiglobal coordinate
x used before) and the time t .
Preserving only linear terms with respect to
time derivatives, we can write the field equations
(2) and (3) as follows:
e−2γφ¨− e−2α[φ′′+φ′(γ′+2β′−α′)] = εVφ/2; (17)
Rtt = e
−2γ(α¨+ 2β¨)− e−2α[γ′′
+ γ′(γ′ − α′ + 2β′)] = V (φ), (18)
R11 = e
−2γα¨− e−2α[γ′′ + 2β′′ + γ′2 + 2β′2
− α′(γ′ + 2β′)] = +2ε e−2αφ′2 + V (φ), (19)
R22 = R
3
3 = e
−2β + e−2γ β¨ − e−2α[β′′
+ β′(γ′ − α′ + 2β′)] = V (φ), (20)
R01 = 2
[
β˙′ + β˙β′ − α˙β′ − β˙γ′] = −2εφ˙φ′, (21)
where dots denote /.t. , primes denote /.u. , and Vφ =
dV/dφ .
We assume that we know a static, purely u-
dependent solution of this set of equations, and
then consider small time-dependent deviations from
it, denoted by adding the symbol δ , so that
φ(u, t) = φ(u) + δφ(u, t),
α(u, t) = α(u) + δα(u, t),
4In the whole paper we are using the following notations
for different radial coordinates:
u — a general notation,
x — quasiglobal, such that α = −γ ,
z — “tortoise”, such that α = γ .
and so on, where φ(u), α(u), . . . are static solutions,
while δφ(u, t), δα(u, t), . . . are small deviations.
Let us note that we have two independent forms
of arbitrariness in Eqs. (17)–(21): the choice of a ra-
dial coordinate u (used in the static solution and
possibly fixed by a relation between α(u), β(u),
γ(u)) and the choice of a perturbation gauge, cor-
responding to the choice of a reference frame in
perturbed space-time (fixed by a relation for the
perturbations). The above equations (17)–(21) are
written in a universal form, without coordinate or
gauge fixing.
In the spherically symmetric Einstein-scalar
field system there is actually only one dynamic
degree of freedom. Accordingly, in Eqs. (17)–(21)
with respect to the perturbations, one can exclude
all unknown except δφ and, after passing over from
an arbitrary coordinate u to the so-called tortoise
radial coordinate z defined by
du/dz = eγ−α (22)
and separating the variables by the assumption
δφ(z, t) = e−β(u)Y (z) eiωt, ω = const, (23)
reduce the stability problem to a boundary-value
problem for the Schro¨dinger-like equation
d2Y/dz2 + [ω2 − Veff(z)]Y = 0, (24)
with certain physically motivated boundary condi-
tions. The effective potential Veff has the form
Veff(z) = e
2γ
[
2εφ′2
β′2
(V − e−2β) + 2V
′
β′
+
εVφφ
2
]
+ e2γ−2α
[
β′′ + β′(β′ + γ′ − α′)
]
. (25)
6where the prime, as before, denotes d/du , and V =
V (φ) is the original scalar field potential. If there
is a nontrivial solution to Eq. (24) with Imω < 0
satisfying physically reasonable conditions at the
ends of the range of z , then the static system is un-
stable since δφ can exponentially grow with time.
Otherwise our static system is stable in the linear
approximation.
A more detailed derivation can be found, e.g.,
in [15,16,18,24]. It should be noted that Eq. (24),
being derived using the convenient gauge δβ = 0, is
still gauge-invariant since Y can be shown to be a
gauge-invariant quantity while Veff contains quan-
tities from the static background solution, written
in terms of an arbitrary radial coordinate u .
Now, to apply this general formalism to a static
solution from the previous section, we must find
Veff(z), identifying u with our quasiglobal coor-
dinate x , and substitute e2γ = e−2α = A(x),
eβ = r(x). It is easy to see that at flat spatial
infinity the coordinates z and x almost coincide
(x ≈ z for x → ±∞), and the natural boundary
condition δφ(±∞) = 0 leads to Y (±∞) = 0.
The main problem with this stability study is
connected with the shape of the effective potential
(25), which has a singularity at the throat due to
β′ = r′/r = 0. More precisely, if the throat is
located at z = 0 and, as z → 0, the radius r
behaves as r ≈ r0 + O(z2n) (as is the case under
the ansatz (11)),5 we have at small z
Veff(z) = 2
[(β′′
β′
)2 − β′′′
β′
]
+O(1)
=
2(2n−1)
z2
+O(1), (26)
where, as before, β = ln r , while the prime here
denotes d/dz . Recall that models with ordinary
throats correspond to n = 1 and those with long
throats to n > 1.
As described, e.g., in [15, 18, 24], the potential
Veff for n = 1 can be regularized using the “S-
transformation,” which is a special kind of sub-
stitution in Eq. (24): the transformed equation
has no singularities, and solutions to the corre-
sponding boundary-value problem describe regular
perturbations of the scalar field and the metric.
This method was used to prove the instability of
5Since, by (22), the coordinates x and z are related by
dz = dx/A(x) , and A(x) is finite at the throat, the function
r(z) qualitatively behaves in the same way as r(x) .
anti-Fisher wormholes [14] and other configurations
with throats [15, 16]. The instability is caused by
the perturbation mode in which the throat radius
changes with time.
However, according to [15, 18, 24], a necessary
condition for the S-transformation to remove the
singularity in Veff is that Veff = 2/z
2+O(1), which,
by Eq. (26), is only true for a “usual” throat, n =
1. Therefore, a stability study of long-throat worm-
holes faces a serious technical difficulty, and to ob-
tain an idea of whether or not a long throat can
stabilize a wormhole, in the next section we will
consider a simple model with r = const, which can
be called a maximally long throat.
5 Instability of a maximally long
throat
Consider a static solution to Eqs. (17)–(20) under
the condition r ≡ eβ = r0 = const. Thus it will be
not a wormhole but rather a “pure throat”.
Choosing the coordinate u = z such that α =
γ , from (17)–(20) we easily obtain
φ = φ0 = const, V = 1/r
2
0 = const, (27)
ds2 =
k2r20(dt
2 − dz2)
cosh2(kz)
− r20dΩ2, (28)
where k > 0 is an integration constant, which,
without loss of generality, can be put equal to 1/r0
by choosing scales along the t and z axes. From the
scalar field equation it also follows Vφ = 0 at the
value of φ corresponding to the solution. The met-
ric can also be written in terms of the quasiglobal
coordinate x = r0 tanh(z/r0):
ds2 =
dt2 − dz2
cosh2(z/r0)
− r20dΩ2
= (1− x2/r20)dt2 −
dx2
1− x2/r20
− r20dΩ2. (29)
It is the well-known Nariai solution, a vacuum so-
lution of GR with the cosmological constant equal
to 1/r20 [17, 25]. We see that it can also be inter-
preted as a special solution to GR with a scalar
field source. The values x = ±r0 , or equivalently
z = ±∞ , are horizons, and the static region be-
tween them represents what may be called a max-
imally long throat; its full proper length along the
z direction is equal to pir0 .
7Consider small time-dependent perturbations
of this solution, using the coordinate z . Then,
without any assumption on the perturbation gauge,
Eqs. (17), (20) and (21) lead to decoupled equations
for the unknowns δφ(z, t) and δβ(z, t):
δφ¨− δφ′′ + ε
2
e2γVφφδφ = 0, (30)
δβ˙′ = γ′δβ˙, (31)
δβ¨ − δβ′′ − 2e
2γ
r20
δβ = 0, (32)
where the prime stands for /.z. and the dot for /.t. .
The existence of two independent dynamic degrees
of freedom for radial perturbations instead of a sin-
gle, scalar one in the general wormhole case is con-
nected with the absence of a Birkhoff-like theorem
in this case, see a detailed discussion in [26] and ref-
erences therein. Perturbations of the spherical ra-
dius actually behave in our case as one more scalar
field in the 2D space-time parametrized by t and
z .
Equation (31) admits integration in time, af-
ter which, neglecting an arbitrary function of z (a
static perturbation), we get
δβ′ = γ′δβ ⇒ δβ = v(t) eγ , (33)
where v(t) is an arbitrary function which may be
further determined from Eq. (32). Substituting
(33) into (32) and taking into account that, accord-
ing to (29), eγ = 1/ cosh(kz), and k = 1/r0 , we
obtain v¨ − k2v = 0, so that finally
δβ = v(t) eγ =
c1 e
kt + c2 e
−kt
cosh(kz)
, (34)
with arbitrary constants c1 and c2 . The existence
of the growth factor ekt means that the back-
ground maximally long throat solution with the
Nariai metric is unstable.
Since we did not so far use any perturbation
gauge, there still remains a doubt that the behav-
ior of δβ(x, t) may be a pure gauge and may be
removed by a t-dependent coordinate transforma-
tion. To make sure that this instability is real,
let us reconsider Eqs. (17)–(21), now using a mani-
festly admissible gauge [24] δβ = 0. Then Eq. (30)
preserves its form, but Eqs. (32) and (31) become
trivial, and we should use the remaining equations
(18) and (19), which take the form
δα¨− δγ′′ = 2 e2γδα/r20,
δα¨− δγ′′ − γ′(δα′ − δγ′) = 2 e2γδα/r20. (35)
Their difference gives δγ′ = δα′ , and we arrive at
a wave equation for δα
δα¨− δα′′ = 2 e2γδα/r20, (36)
the same as we previously had for δβ , Eq. (32).
Consequently, it has the solution similar to (34)
δα =
c1 e
kt + c2 e
−kt
cosh(kz)
, (37)
and we can confidently conclude that the maxi-
mally long throat solution is unstable.
This actually confirms the old result of [27] on
the instability of Nariai’s solution since the scalar
field contribution here reduces to supplying a cos-
mological constant Λ = 1/r20 . The scalar field per-
turbations have, in the linear approximation, their
own dynamics described by Eq. (30) and can be
stable or unstable depending on the sign of Vφφ .
The instability of the limiting model of a “max-
imally long throat” allows us to conjecture that a
slowly varying radius near a throat of a more gen-
eral wormhole supported by a phantom scalar field
does not stabilize it as compared with models with
a “usual” throat. We hope to verify this conjecture
in our future work. Of interest are also the stabil-
ity properties of other solution with long throats,
such as wormholes with an AdS asymptotic at the
far end as well as black universes with a horizon
and an asymptotically de Sitter expansion beyond
it, like those described in [7, 8, 22].
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